Progress in the emerging field of engineered quantum systems requires the development of devices that can act as quantum memories. The realisation of such devices by doping solid state cavities with paramagnetic ions imposes a trade-off between ion concentration and cavity coherence time. Here, we investigate an alternative approach involving interactions between photons and naturally occurring impurity ions in ultra-pure crystalline microwave cavities exhibiting exceptionally high quality factors. We implement a hybrid Whispering Gallery/Electron Spin Resonance method to perform rigorous spectroscopy of an undoped single-crystal sapphire resonator over the frequency range 8-19 GHz, and at external applied DC magnetic fields up to 0.9 T. Measurements of a high purity sapphire cooled close to 100 mK reveal the presence of Fe 3+ , Cr 3+ , and V 2+ impurities. A host of electron transitions are measured and identified, including the two-photon classically forbidden quadrupole transition (∆ms = 2) for Fe 3+ , as well as hyperfine transitions of V 2+ .
INTRODUCTION
Single crystal sapphire (α-Al 2 O 3 ) is an important material used extensively in many areas of scientific research, particularly in optical, semiconductor and microwave technologies. In these fields, one of its major roles is as the gain medium in masers 1 and lasers 2 , where it is intentionally doped with a high concentration of paramagnetic impurity ions. The high concentration case has been well studied, however the role of extremely dilute, naturally occurring impurity ions contained in ultrahigh purity sapphire is less well known. Such unavoidable paramagnetic impurity ions exist at a concentration of parts per billion to parts per million and have been particularly useful in a number of precision microwave experiments [3] [4] [5] , allowing Cryogenic Sapphire Oscillator technology to operate at its highest stability, and more recently facilitating the discovery of a number of nonlinear effects 6, 7 .
Besides application to ultra-stable frequency sources, such systems are also eminently applicable in the framework of quantum measurement, control and computation. Naturally occurring impurities in 'pure' crystal resonators could lead to the realisation of microwave cavity QED (Quantum Electrodynamics) experiments in the strong coupling regime [8] [9] [10] with unprecedented coherence times. For comparison, current technology in the realm of qubit devices consists mainly of on-chip superconducting transmission line cavities with state-of-the-art coherence times on the order of several tens of microseconds. Recently, hybrid quantum systems have been proposed that involve coupling of solid state qubits, crystals intentionally doped with rare-earth ions, to microwave cavity modes in macroscopic classical resonators 11 . Such systems achieve spin and mode coherence times of the order of seconds and microseconds respectively. The latter can be improved by using an ultra-pure single crystal sapphire operating in a Whispering Gallery (WG) mode of resonance, offering coherence times on the order of 50 ms for a typical mode with f = 11 GHz and Q = 2 × 10 9 . Despite a very low concentration of impurities, the ioncavity photon interaction is clearly resolvable due to the extremely high quality factor of the WG modes. Indeed, strong interactions between microwave photons and impurity spins in cavities based on 'pure' crystals do not lead to an increase in microwave losses due to artificial doping. In addition, such media could be used to create a quantum interface between microwave quantum processing devices and optical communication links by using coupling between microwave and optical transitions in impurity ions. All of these challenging goals require a better understanding of ion energy level transitions, and ion-photon interaction in extremely low loss, ultra-pure systems.
Unlike other spectroscopic studies of doped sapphire crystals, here we use an ultra-sensitive approach to detect and analyse naturally occurring, extremely low concentration ion impurities. Some preliminary observations of interactions with Fe 3+ ions in such crystals have been made in the past [12] [13] [14] [15] [16] . Broadly speaking, the present work represents a systematic study of ion-photon interactions over the X and K u band of microwave frequencies (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) . Such a complete spectroscopic study in this region is useful for all applications of sapphire in the microwave domain.
I. SPECTROSCOPIC APPROACH
In this work, we cool large cylindrical sapphire resonators close to 100 mK and use a novel technique exploiting extremely high Q-factor Whispering Gallery ESR with a number of paramagnetic spin species in the crystal. Sapphire crystals have been measured using this technique previously 12 , however these measurements were of low sensitivity. In the present work, we refine the technique and present spectroscopic measurements at higher sensitivity than previously achieved. One factor in particular which led to the poor sensitivity in previous experiments was the absence of the usual copper cavity in which sapphire WG mode resonators are typically mounted to contain the stray field and ensure the highest Q-factor. The bore size of the superconducting magnet was too narrow to allow a cavity to enclose the crystal, which resulted in lowered WG mode Q-factors and thus lower sensitivity to weaker interactions. In addition, previous measurements were performed with a nonprogrammable magnet controller and thus the throughput and resolution of data was limited by having to continuously manually set the target field of the magnet. Finally, previous measurements focused on fields and frequencies predicted by the Fe 3+ Hamiltonian, and thus interactions in regions away from this specific Fe 3+ interaction were ignored. All these improvements lead to more systematic study of dilute impurities and their interaction with the field.
A. Measurement Methodology
To characterize the various species of paramagnetic ions in sapphire, it is possible to record the frequency and magnetic field response of a range of WG modes supported in the resonator. As a DC magnetic field is applied parallel to the c-axis of the crystal and swept in magnitude, the sapphire cavity transmission coefficient S 21 is measured for a spectrum of WG modes. The modes, with Q-factors commonly in the range of 10 8 −10 9 in sapphire, act as extremely narrow band pass filters sharply defined in frequency when far-detuned from an ESR transition. When the ESR is tuned close to the WG mode resonance by the DC external magnetic field, the S 21 trace shows a shift in the WG mode frequency and a degradation of its Q factor. Fits were made to the S 21 data to find the lowest value of amplitude, corresponding to the field at which the ESR transition is tuned on resonance with the WG mode. The modes were measured with an applied external DC magnetic field with a strength up to 0.9 T. Whispering Gallery modes act as extremely sensitive probes of the presence of impurity spins due to considerable photonspin interaction. The strength of this interaction depends on the mode polarisation (WGH, WGE or hybrid), mode volume, mode quality factor and ion concentration. Generally higher quality factors are preferable because they increase photon-spin interaction probability as photon lifetime in the cavity increases. By measuring a spectrum of WG modes across a broad frequency range, it is then possible to determine energy levels of corresponding impurity ions, Lande g-factors, photon-spin coupling, impurity concentration, ESR linewidths, etc.
B. Experiment Details
The crystal under study was a highest-purity sapphire from GT Crystal Systems (USA) grown using the heat exchange method (HEMEX) and machined into a cylinder 50 mm diameter × 30 mm height. The concentration of Fe 3+ impurity ions in the crystal has been measured previously to be approximately 100 parts per billion 17 . Such a concentration was achieved through an annealing process in air which caused mass conversion of Fe 2+ to Fe 3+ . The crystal is cut such that the c-axis of the crystal structure is oriented is parallel to the cylindrical z-axis of the resonator. To attain the highest quality factor whispering gallery modes at low temperature, the crystal is mounted in a cavity manufactured from oxygen-free high thermal conductivity copper to avoid hot-spots at oxygen impurities. Energy is coupled to the crystal through two straight antennae orientated 180
• from each other, entering through the top of the cavity and parallel to the z axis of the crystal. The crystal was cooled using a cryogen-free dilution refrigerator (DR), with a cooling power of 1.5 W at the second pulse tube stage (4 K), and ∼500 µW at 100 mK (see Fig. 2 ). A superconducting magnet was attached to the 4 K stage of the DR, with the crystal mounted within a 1 K radiation shield which sits within the bore of the magnet. Due to the small diameter of the magnet bore, the distance between the outer wall of the cavity and the inner wall of the 1 K shield inside the bore is approximatley 3 mm, permitting weak thermalization between the 1K shield and the crystal. Although the crystal is attached to the mixing chamber plate of the fridge (∼20 mK), after thermalization the crystal reaches an equilibrium temperature of ∼115 mK. The corresponding temperature sensor is directly attached to a copper block holding the crystal.
A number of WG modes were measured in the resonator using a vector network analyzer at an excitation power between -90 and -30 dBm incident on the input probe antenna. At higher powers, the temperature of the crystal increases and nonlinear behaviour begins to occur in the crystal. The network analyzer in these measurements had an upper frequency limit of 20 GHz. The cables inside the DR were connected to each stage via a feedthrough and DC block to allow thermalization of both the inner and outer conductor, and to reduce temperature gradients in the system. In addition, 10 dB attenuators were included in the line at the 4 K stage and 1 K stage of the DR, and a 20 dB attenuator was attached at the mixing chamber stage. Cold attenuation ensures a sufficiently low power signal is incident on the crystal without the addition of thermal noise from room temperature attenuation. The signal transmitted through the WG cavity passes through a low noise cryogenic amplifier (4K stage) separated from the cavity by an isolator (20mK stage) preventing the back action noise. Another amplification cascade is used at the room temperature to ensure a better signal-to-noise ratio.
MATLAB software was developed to automatically control the field strength of the magnet, and the sweep parameters and data acquisition of the network analyzer. The sweep rate of the magnetic field was set slowly enough that temperature of the copper cavity enclosing the sapphire was not significantly changed by induced eddy currents. A ramping rate of dB dt = 0.005 T/min was found to successfully ensure that all measurements were made at thermal equilibrium. A schematic of the experimental apparatus is shown in Fig. 2 . The frequency stability of the measurement system is maintained by a hydrogen maser to avoid all long term fluctuations during the experiment.
II. THEORETICAL DESCRIPTION OF IMPURITY IONS IN SAPPHIRE
The most naturally abundant isotope of Iron is 56 Fe, with a nuclear spin I = 0. The fundamental energy levels of the Fe 3+ ion in sapphire are defined by the zero-field splitting parameter 6 S in the spin Hamiltonian. Fe 3+ has been extensively studied in sapphire 18, 19 Three levels exist at zero applied DC magnetic field, with dependence on a DC magnetic field described by the following Hamiltonian: 
where a is the (fourth order) spin Hamiltonian parameter, g is the g factor tensor, β is the Bohr magneton, H is the vector magnetic field strength,Ŝ is the electronic spin operator whereŜ i are the components of the electronic spin operator, D is the (second order) zero field splitting (ZFS) parameter, F is the (fourth order) ZFS parameter. The first term in Hamiltonian (1) is a typical Zeeman splitting term. The second one is known as single-ion anisotropy term describing interaction of the ion spin angular momentum with the lattice field via the orbital angular momentum. The corresponding parameters D characterises ZFS caused by the crystal field. The other terms represent higher order interactions between the crystal lattice and the Fe 3+ . The described Hamiltonian parameters from the previous studies are summarized in Table I 
FIG. 3. Energy level splitting of the Fe
3+ ion with applied magnetic field. The calculation demonstrates an admixture of spin states |±1/2 and |±5/2 for fields above.
levels of Fe
3+ in sapphire when a magnetic field is applied parallel to the c-axis of the crystal can also be derived:
where the energy levels are described here for the case of low magnetic field. At 0.38 T, the ± 5 2 and ∓ 1 2 states mix, as shown in Fig. 3 .
In addition to iron, sapphire also contains chromium impurities of the type Cr 3+ at a concentration of parts per billion. Whilst chromium does have an isotope with nuclear spin ( 53 Cr, with I = 3 2 ), the 52 Cr isotope has a much higher natural abundance (83.8%) and possesses zero nuclear spin. This makes it possible to ignore nuclear spin terms in its Hamiltonian which reduces to the Zeeman and zeroth order single-ion anisotropy term described for the case of Fe 3+ :
The corresponding energy levels are demonstrated in Fig. 4 . Another natural ion impurity of sapphire crystals, Vanadium, has only one stable isotope 51 V with abundance (99.75%), which is isoelectronic 20 with Cr 3+ and has nuclear spin I = However, their presence in the crystal under study is more likely to be a result of the annealing process as the crystal has never undergone radiation treatment. The nuclear spin of the vanadium gives rise to eight hyperfine lines 22 under the application of a magnetic field. Vanadium ions can be described by the spin Hamiltonian 16 :
whereÎ is the nuclear spin operator, γ n and β n are the g factor and Borr magnetron for the nucleus spin, the A and B are electron-nucleous coupling constants along the z and two transverse axis, Q a constant characterising the single-ion anisotropic for the nucleus. The energy levels to first order when the field is parallel to the c-axis is given by the following expression:
' This first order approximation is sufficient for the measurements in the studied magnetic field range which does not include the crossing point of the energy levels.
III. MAIN RESULTS
Using the technique discussed above, the sapphire crystal has been tested using various modes for the range of applied DC magnetic fields. The 20 th azimuthal order WG mode, labeled as WGH 20,0,0 , is given here as an example of a known high-Q WG mode strongly interacting with different ion ensembles occurring in the crystal lattice. A two-fold degeneracy in the azimuthal (φ) component of the WG mode solution, having a basis of the form e −iφ and e iφ , is lifted by various symmetry breaking effects in the cylindrical cavity. These effects result in the mode existing as a doublet. The WGH family of modes is characterised by having the maximum magnetic component along the radial axis of the crystal cylinder. Thus, since the DC magnetic field is always axial in this cylinder, microwave and DC magnetic field components are normal to each other, making this family the most Table II.   TABLE II . Spin-photon interactions of the WGH20,0,0 from Figure 6 . Although the interaction at F is classically forbidden (∆ms = 2), it has a non-zero probability of occurring 25 .
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As discussed in the previous section, the WGH 20,0,0 doublet mode at 13.868,226,886 GHz is measured in transmission as a function of magnetic field. For the crystal under test, it is known that Fe 3+ is one of the most abundant impurity ions present, which has resulted in the observation of a gyrotropic effect previously 13 . Figure 6 shows the results of the measurement, in which is is possible to see a very strong interaction at 0.06 T corresponding to the (dipole) transition between the + Fig. 6 , the WG mode doublet approaches asymptotically the ESR transition line. This is a typical atomfield interaction picture, where the cavity mode is more photon-like where it is close to zero frequency deviation and more atom-like far from it. Although, finite spinlattice coupling introduces dissipation to the ESR considerably broadening its spectrum. Thus, for Fe 3+ ions in sapphire, the width is typically 27 MHz 12 , and it is set by crystallographic nature of the host material coupling to the ion. The spin lattice interaction appears to be stronger than the cavity photon-spin interaction preventing observation of the spin-photon strong coupling 8, 26 . Figure 6 also shows a demonstration of the gyrotropic effect, different AC susceptibility for different peaks of a doublet WG mode. Each peak of the doublet represents one of two counterpropagating elliptically polarized waves of the same WG mode. These waves are coupled through imperfections in the sapphire, back scatterers, anisotropy, non-ideal geometry, etc 13 . Each of the two modes therefore carries microwave photons of opposite spin angular momentum quantum number, or helicity, which interact with ESR transitions differently due to requirements imposed by the spin angular momentum conservation law.
B. High Field Spectroscopy
The proposed method of spectroscopy was performed on the modes of interest up to applied magnetic field strengths of 0.9 T. Such high field levels make it possible to determine the properties of the various ensembles of spin in the lattice, including the zero field splitting and g-factors. The results obtained for these parameters using the WGM method are shown in Fig. 1 , and are summarized in Table III than 1 GHz, making such transitions difficult to distinguish from each other except by g-factor measurements at higher magnetic fields. Once the modes have been identified with this method, the measurements can then be used to determine energy level transitions as predicted by the electron spin Hamiltonians. The spectroscopy results revealed the previously unknown strong transition labeled by X in Fig. 1 and Table III. The transition has unusual g-factor of about 5.4 which is considerably distinct from an integer multiple of 2. This transition cannot be attributed to three photon transition − 3 2 → + 3 2 due to its low probability and significant difference from the expected g-factor of 2. Indeed, the corresponding ion has to be quite abandoned in the crystal and have an anomously large single-photon transition g-factor. Analysis of the literature on ions in sapphire crystals reveals no candidate with such characteristics. Although significant difference of the g-factor from an integer multiple of 2 suggests a rare-earth nature of such impurity.
C. Interaction Between Ion Ensembles
The V 2+ ion has a nuclear spin of 7 2 which results in eight hyperfine lines, each having zero field splittings between 0.05 and 0.3 T as predicted by the spin Hamiltonian. The spectroscopy identified other six hyperfine lines above 0.3 T with decreasing intensity. Since the intensity of these hyperfine interactions decreases with the line number (increasing magnetic field), the whole total number of lines could not be limited by 6. All the lines within two groups and between the groups themselves are almost parallel to each other as depicted in Fig. 7 . Group (B) does not originates from any point on the positive frequency axis suggesting that it is not directly originated from the ZFS effect, i.e. ion-lattice coupling. This figure demonstrates that these two groups of hyperfine transitions are separated by approximately the ZFS of two types of Fe 3+ transitions ± 27 . The probable mechanism of interaction involves one V 2+ ion nucleus and the iron spin bath which is the most abandoned impurity.
CONCLUSION
The proposed spectroscopy approach is demonstrated to be an ultra-sensitive tool in studying dilute impurities at low temperatures using high Q WG modes in cylindrical single crystal resonators. The physical properties of ion impurities in high purity sapphire have been determined at 115 mK. Using this approach it is possible to detect naturally occurring impurity ions in the purest single crystal dielectric resonators that can be in principle used for various high-Q microwave applications. Spectroscopy revealed numerous single and two photon transitions of impurity ions, in particular Fe 3+ , Cr 3+ , and V 2+ . The work demonstrates the possibility of QED in crystal cavities with natural impurities. Although the strong interaction regime has not been observed yet, due to the broadening of the Fe 3+ ESR. Broadening arises from strong spin-lattice coupling. The problem could be resolved by increasing the number of active ions by further annealing the crystal, that enhances the effective photon-spin coupling.
